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Introduction
Photosynthesis is the process by which energy in the form of sunlight is converted into the biomass of plants, and other organisms. Purple bacteria live in ponds, lakes, and streams in low-light conditions, 1 and have thus evolved intricate mechanisms and architectures for efficient energy capture and transport. The energy, initially absorbed by light harvesting complexes, is transported to a single reaction centre with near unit efficiency, [1] [2] [3] [4] implying that the system is somehow constructed to minimize dissipative energy loss.
Two-dimensional electronic spectroscopy experiments [5] [6] [7] [8] [9] [10] [11] [12] [13] have been interpreted as showing long-lived coherences between excitonic states in photosynthetic light-harvesting complexes. This coherence has often been cited as an explanation of the remarkable exciton transfer directionality and efficiency, based on ideas such as quantum search algorithms 7, 14 and noise-assisted transport. [15] [16] [17] [18] [19] [20] However, the origin of oscillations in two-dimensional electronic spectra is still under debate, and while originally thought to be purely electronic [5] [6] [7] [8] [9] [10] [11] 13 it is now increasingly attributed to vibrational wavepackets 21, 22 or vibronic coherences. and modified Redfield theory. 32 Another common approach is to assume that the dynamics in the excitonic subsystem is Markovian, and to model it using master equations in the Lindblad form.
18,19,33
The peripheral antenna complexs of some light-harvesting purple bacteria are known as LHIIs. These are membrane-bound proteins containing two distinct rings of bacteriochlorophyll-a (BChl) chromophores. Each ring has approximate C N symmetry, and contain N and 2N chromophores. Complexes where N = 8, 9, 10 have been observed in nature, 34 and it has been suggested that these values of N maximise exciton transfer efficiency.
35
Our study focuses on LHII from the purple bacterium Rhodopseudomonas acidophila (strain 10050), because it is structurally 36 and spectroscopically well characterised. 34 For this system N = 9, and the rings with 9 and 18 chromophores are referred to as the B800 and B850
rings, denoting the wavelength of their respective absorption maxima.
Many groups have investigated exciton dynamics in LHII using femtosecond pump-probe spectroscopy. [37] [38] [39] [40] [41] [42] [43] The key observable is the anisotropy between signals with the probe pulse parallel and perpendicular to the pump pulse, as a function of the delay between the two pulses (see Sec. 4 below). This anisotropy rapidly decays from an initial value to a plateau at or a little below 1/10, on a timescale of around 50 fs. Such observations have been cited as evidence for dephasing and localisation of the exciton wave packet.
responsible for the observed short-time anisotropy decay in LHII.
In this work we find that reasonable model Hamiltonians for the LHII B850 ring are very far from that of the circularly degenerate oscillator, and that the difference cannot be accounted for as a small perturbation. We use Hamiltonians with a realistic amount of disorder, but no explicit quantum mechanical coupling to the environment. Nevertheless the ensemble averaging over the static disorder leads to a rapid decay in anisotropy to a similar minimum value and at a similar rate to the experimental observations.
Obviously the exciton does couple to the environment, but our observations cast doubt on the legitimacy of deducing the strength of this coupling from anisotropy experiments, and in particular suggest that the observed anisotropy decay rate provides a lower bound, rather than a particular value, for the timescale associated with coupling to the environment.
Modelling LHII
We extract uncorrelated snapshots from molecular dynamics (MD) calculations to provide
BChl geometries for quantum mechanical calculations; details are provided in the Supplementary Information.
Excitonic model Hamiltonian
A simple excitonic Hamiltonian with static disorder is used in an attempt to find a minimal description of experimental properties. Each chromophore is modelled as a two-level site with ground and excited states |φ (0) j and |φ
(1) j separated by energy E j . The ground state of the m-site complex is the product state
and the state |Φ j with a single exciton at site j is |Φ j = |φ
m . 50 States containing more than one exciton are not considered. The model Hamiltonian in the one-exciton manifold has the form
4 where V jj ′ is the coupling matrix element between excited states of sites j and j ′ .
50
Assuming non-overlapping monomers, so that exchange effects can be neglected, the coupling matrix elements are given by
where ρ j is the electronic transition density of monomer j. 51 For monomers that are well separated, the coupling matrix element is well approximated by the leading dipole-dipole term
where µ j is the transition dipole for monomer j and r jj ′ is the vector between the Mg atoms of the two chromophores. Trial TDDFT and CIS calculations on selected BChl dimer structures suggest that while this equation does not describe the coupling with exact numerical detail, the qualitative behaviour is captured. 52, 53 Improvements in the couplings can be made using such methods as frozen density embedding, 54, 55 or by using higher-order multipole moments. 53 Kenny et al. investigated the accuracy of different methods for calculating the couplings, but found that given the size of the errors arising from uncertainties in crystallographic atomic coordinates, more computationally expensive methods for calculating the couplings are 'rarely justified'.
56
The parameters E j and µ j were computed using linear-response time-dependent density functional theory (TDDFT) as implemented in the Turbomole package. 57 Several exchangecorrelation functionals and basis sets were tested for balance of accuracy and computational expense. It was found that the best cost to accuracy ratio was achieved with the hybrid functionals B3LYP 58 and PBE0 59 in the SVP basis set. 60 Using generalized-gradient approximation functionals, the character of the lowest excited state was not always correct.
61
The size of the basis set was found to have little effect, and increasing the basis set was found to be far less important than the use of hybrid density functionals.
5
The values of E j and µ j were computed using PBE0/SVP for three sets of 250 uncorrelated BChl structures drawn from the molecular dynamics calculations, representing BChls from the two distinct α and β positions within the B850 ring, and from the B800 ring. The energies and transition dipole moment magnitudes are shown in Table 1 . To account for interactions with the protein environment (and compensate for other sources of error) the energy distributions are shifted to match the experimental absorption maxima. µ j , for a given geometry, are drawn at random from the distributions described above. The transition dipole vector µ j was aligned with the vector connecting opposite nitrogen atoms N a and N b of the chlorin ring (see Fig. 1 ).
Absorption spectrum
The one-exciton eigenstates of the Hamiltonian H are superpositions of the basis states
and the intensity of the absorption from the ground state |Φ (0) to the excited state |Ψ k is proportional to
6 
A single system
It will be helpful to start with the notion of a pure state of a single system, described by a wavefunction |Ψ . The associated density matrix is ρ = |Ψ Ψ| (8) and has the property tr ρ 2 = 1. In dynamical processes that do not involve coupling between the system described by ρ and an environment, the density matrix ρ evolves unitarily, and hence the value of tr ρ 2 is preserved.
On the other hand, if the dynamics involves coupling to an environment, the value of tr ρ 2 can reduce. A state with tr ρ 2 < 1 is called mixed, and cannot be written in form of Eq. (8).
We will call any process that changes the value of tr ρ 2 for a single system decoherence; a process that is the mechanism behind homogeneous broadening.
If there is a preferred basis, two principal types of decoherence can be distinguished.
Pure dephasing is any process in which the off-diagonal elements in ρ (in this preferred basis)
decay. (The term dephasing is used because the decay in the off-diagonal elements can arise by randomization of phases in a particular basis in a pure state.) Population exchange is change of the diagonal elements of the density matrix in the eigenbasis. It is often the case that population exchange has the effect that the diagonal elements tend towards a common value.
Ensembles of systems
For an ensemble of N non-interacting systems, the total density matrix is given by a tensor product of the individual density matrices
9 An ensemble observable O ens is defined as
where I is the identity operator. The expectation value for the observable is
If the operators O j are identical, we can further simplify the expectation value as operator is a uniquely defined quantum mechanical operator, its projections into the site bases of different instances of LHII structures are not generally equal (or equivalent within a unitary transform).
Localisation is often (but not here) used to describe dephasing (pure or ensemble) in the site basis, such that a state that is a mixture of site states is maximally localised. We avoid using this term in this way because it seems counterintuitive to describe a state in which there is equal probability of excitation at each site as 'localised'.
Anisotropy
In pump-probe experiments on LHII, 37-42 anisotropy effects are quantified by measuring the difference in absorption when the probe pulse has an electric vector parallel (ε ) or perpendicular (ε ⊥ ) to the electric vector ε of the pump laser. The key observables are the time-dependent absorption differences ∆A(t) = A(t) − A (0) , where A(t) is the probe absorption measured a time t after the pump pulse, and A (0) is the absorption in the absence of the pump pulse. The anisotropy is then defined by:
The experimentally measured anisotropies r(t) arise from averaging over an ensemble of distinct LHII complexes at random orientations. In our calculations, each LHII is characterized by a Hamiltonian (H) and an orientation (θ), and is associated with anisotropy r H,θ (t). and further averaging over different Hamiltonians gives
Averaging over orientations produces
Note that although the notation implies averaging of the anisotropies themselves, in both cases the averaging is actually performed on the absorption coefficients from which the anisotropies are calculated.
Later (Section 4.3) we will discuss how to calculate ∆A(t) for a single LHII complex. In Sections 4.1 and 4.2 we will discuss how the anisotropy is often interpreted using the model of a perturbed circularly degenerate oscillator.
Modelling LHII as a circularly degenerate oscillator
LHII (and similar systems) are commonly modelled using a Hamiltonian with circular symmetry, possibly with a small perturbation. The two states in question are the lowest degenerate pair |k = ±1 , and have transition dipoles perpendicular to one another. Here we label these states |x and |y , and will refer to the system as a circularly degenerate oscillator. Perturbation through interaction with an environment can cause decoherence, and/or remove the energy degeneracy between the |x and |y states by an amount ∆E xy .
In most studies of decoherence, 46, 48, 49 the Hamiltonian has degenerate |x and |y states (i.e. ∆E xy = 0). In this case ensemble averaging is trivial as all Hamiltonians are identical, so r(t) ≡ r H (t). Under this assumption, but including orientational averaging, the anisotropy 12 arising from the stimulated emission process is
The anisotropy from the ground-state bleaching is r GSB = 1/10, and the total observable anisotropy can be shown to be (see Appendix A)
Here 2Γ is the rate of population exchange, defined as the rate at which the density matrix tends to ρ exch = (|x x| + |y y|)/2 and γ refers to the rate of pure dephasing.
48,72
This analysis -for the case of degenerate states |x and |y -shows that the dephasing process can reduce the stimulated emission anisotropy to 2/5 (γ = 0 and Γ = 0). Dephasing alone cannot give rise to an anisotropy of 1/10 (around the typical value observed in many experiments); it is only with the population exchange rate Γ = 0 that a total anisotropy of 1/10 can be obtained. This model does predict the double-exponential decay observed in experiments, but fails to account for the measured anisotropy falling below 1/10.
Modelling LHII as a perturbed circular oscillator
Coupling to the environment or some other perturbation may open an energy gap ∆E xy between the |x and |y states. As before, the anisotropy for an orientationally averaged 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 The anisotropy incorporating both effects is (see Eq. (8) 
These results can be obtained by following the procedure described in Appendix A.
Ensemble averaging in this model amounts to averaging over values of ∆E xy . The anisotropies arising from the averaged absorption coefficients can then be expressed as a weighted average over the anisotropies r H (t, ∆E xy ). 74 For t = 0 the cosine terms in Eq. 17
are all unity, so the initial anisotropy is r(t = 0) = 3/10. For large t, the weighted average over cosines with different frequencies vanishes, leading to an asymptotic anisotropy of r(t → ∞) = 1/5. The time scale of the decay in this model is purely determined by the distribution of values of ∆E xy , and has no connection to decoherence.
It is important to note that the same long-time anisotropy of 1/5 can be obtained either by ensemble averaged, pure-state calculations on perturbed circular oscillators; or by dephasing of a single circularly degenerate oscillator. Both models produce exponential decay in the anisotropy from 3/10 to 1/5, in contrast to the experimental double exponential decay and the long-time value of around 0.1. This has been interpreted as evidence for dephasing and population exchange.
34,38-47
In this work we use a model of the type above, with no decoherence, but with a realistic ensemble of LHII Hamiltonians. We find that we do not need to invoke decoherence to reproduce the majority of the observed experimental behaviour, and that the perturbed circular oscillator is not a suitable model for LHII. As we will see, the degree of disorder cannot be considered as a small perturbation; the eigenvalues cannot be approximately arranged into near-degenerate pairs; and many more than two states have significant transition-dipole coupling to the zero-exciton ground state.
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Model of Anisotropy
The system is initially in the ground state |Φ (0) . After interaction with the pump pulse, time-dependent perturbation theory determines the state to be:
where R is the operator representing interaction with the light source, and
The interaction with the radiation in the semiclassical approximation is
where λ is a positive real parameter which accounts for experimental conditions such as field strength, and is sufficiently small that R can be treated perturbatively. The energy density of the laser pulse is given by ρ, the (normalized) field vector by ε and the dipole operator by µ.
We later refer to the state |Ψ(t) , which is obtained through the time-dependent Schrödinger equation:
It will be convenient to define a normalized state representing the excited portion of |Ψ(t = 0) :
and we will define wavefunction parameters δ k such that
15 The experiments consist in measuring absorption through a probe pulse described by an
We also define the corresponding normalized excited-state wavefunction
and associated wavefunction parametersδ k
Differences in absorption are observed with and without the pump pulse, and the observed absorption consists of three contributions:
where
The term A Each contribution can be computed directly using the previous equations:
and the total observed absorption is given by
This is computed for the two cases of parallel ∆A (t) (ε · ε = 1) and perpendicular ∆A ⊥ (t) (ε · ε = 0) laser pulses. Each δ k is proportional to λ, andδ k toλ. The absorption ∆A(t) is proportional to λ 2λ2 , so depends on experiment-specific based parameters. The anisotropy, a ratio of absorptions, has no dependence on λ orλ so can be numerically compared between different experiments and simulations.
Anisotropies are computed according to
where the sum H,θ represents a sum over the Hamiltonians of different LHII complexes each in random orientations with respect to the pump-probe set up. The energy densities of the pump and probe laser pulses (ρ(E) andρ(E)) are modelled as Gaussians with mean and 17 Table 2 .
Results and Discussion
Analysis of LHII as a circularly degenerate oscillator implies that the experimentally observed anisotropy decay can be interpreted in terms of pure dephasing and population-exchange timescales. This interpretation relies on the quality of the circularly degenerate oscillator model of exciton dynamics in LHII; and as we have seen, even a small perturbation that lifts the degeneracy between |x and |y leads to an ensemble averaging effect that can mask the decoherence timescales (see Section 4.2).
The model Hamiltonians calculated in this work are in fact very far from the circularly degenerate case, and well beyond the regime accessible by perturbation theory, casting doubt on the utility of using these models to interpret anisotropy experiments on the LHII system.
The eigenspectra of the Hamiltonians bear no resemblance to the spectrum of the circularly degenerate oscillator (see Figure 3) , and there are significant transition dipoles to many of the eigenstates (see Figure 4 ). For these reasons, many eigenstates are populated during the pump-probe experiment, as illustrated in Figure 5 . In these calculations we have focused purely on differences in chromophore structures, and in their relative positions. Effects that we have neglected -such as fluctuations in the electric field due to motion in the protein environment, and the influence of the bacterial membrane on the dynamics of the protein -will certainly influence the detailed nature of the static noise in the excitonic
Hamiltonian. But it is unlikely that these effects would change our overall conclusion given that the broadening of the experimental absorption spectrum is reasonably well reproduced by our calculations. and |y states, but also results in many other eigenstates having non-zero transition dipole magnitudes and therefore becoming occupied (see Figure 5 ). This causes the ratio of A SE to A GSB to reduce (see Appendix B), in turn reducing the effect of stimulated emission and shifting the anisotropy towards the ground-state bleaching value.
18
This analysis does not explain how anisotropies below 0.1 are observed. The effects of excited-state absorption are not currently included in our analysis, but have been studied elsewhere. 40, 47, 68, 74, 75 Excited-state absorption, where absorbtion of a probe photon accesses the two-exciton manifold might further reduce the anisotropy to a value below 0.1.
It has been shown that for a system whose eigenstates are delocalized (for example, a circularly degenerate system), the transition dipole
where N is the number of monomers over which the coherent excitation |Ψ e (t) has significant amplitude. 76, 77 (Figure 7 ) are not associated with a substantial change in the inverse participation ratio or the onset of decoherence.
In the warm, wet, noisy environment of the experimental studies, decoherence will clearly play a role. However it does not seem possible to unequivocally deduce timescales for dephasing and population exchange from anisotropy decay, because ensemble averaging over realistic model Hamiltonians, in the absence of either decoherence effect, produces anisotropy decay with a similar timescale. This 'fake decoherence' effect 65,66 may mask the true timescale for decoherence.
Conclusion
The question of what happens to the energy immediately after an absorption event in LHII is of pressing importance to the understanding the initial charge separation rate and yield in photosynthesis. Pump-probe spectroscopic anisotropy show a characteristic doubleexponential decay in observed anisotropies. The decay is often interpreted as arising from the decoherence of the exciton state as a result of coupling between an individual LHII complex and the bath. Analysis using the circularly degenerate oscillator model suggests a mapping from the two experimentally observed decay constants to the effects of pure dephasing and population exchange, so anisotropy pump-probe experiments have been used to provide estimates of these timescales.
Here we have set out to make model Hamiltonians by combining results of molecular dynamics and TDDFT calculations, and have found that the eigenvalue spectra of these Hamiltonians are very far removed from the spectrum of a symmetric circular system. The characteristic feature of degenerate pairs of eigenvalues is completely lost as a result of disorder, and the (zero-exciton) ground state is coupled to many (rather than just two) of the eigenstates.
We have found that ensemble averaging over these more realistic model Hamiltonians
24
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The Journal of Physical Chemistry   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 leads to a rapid decay of anisotropy to a value close to the observed asymptote, and at a rate comparable to observed decay rates, in the absence of any decoherence effects. The difference between the anisotropy decay (exponential vs bi-exponential) and asymptotic values (0.13 vs 0.1) in our calculations and the prior experimental studies, [37] [38] [39] [40] [41] [42] can be attributed to our deliberate lack of explicit coupling to an environmental bath. Such a coupling would result in pure dephasing and more importantly population exchange, which would add an additional slow decay component to our anisotropy, and lead to the long time value of 0.1.
Crucially we have shown that the faster observed decay component may not in fact relate to decoherence effects at all, but rather could arise from the ensemble averaging over a disordered sample of instantaneous LHII structures. Thus anisotropy experiments could be viewed as providing a lower bound to the decoherence timescale.
In 2D photon-echo experiments by Harel et al. 10 the decoherence time for the LHII was found to be between 55-90 fs. This time scale varied depending on the wavelength of the pump pulses. This is longer than the time constant for the anisotropy decay, originating from ensemble averaging, calculated in this work, and further suggests that the decoherence timescale is masked by ensemble averaging in anisotropy experiments.
A Calculations of Anisotropy for A Circular Oscillator
We wish to show how the anisotropy is calculated for a circular oscillator under different environmental perturbations. One such perturbation is decoherence which cannot be described in a wavefunction formalism. As such we must put each part of Equation 28 into density matrix form. For the background absorption A (0) = | Ψ e |R|Φ (0) | 2 and using the definition in Equation 25 that
we obtain
The ground-state absorption is given by
). Here U (t) is the Hamiltonian unitary propagation operator, advancing the state to time t . The coefficient c 0 = 1 − R |Φ (0) 2 , and is the probability amplitude of being in the ground state after the pump. We now note that (using the definition of R andR in Equations 20 and 24)RU (t)R |Φ (0) = 0 as both R andR excite the system.
So the ground-state bleaching value is
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again using the definition of |Ψ(t) as before, but now using the property thatR † |Φ (0) = 0.
We can use these new expressions to show the effect over time on absorption from dephasing and population exchange. The ground-state bleaching term is clearly independent of decoherence as it is time-independent. Stimulated emission A SE (t) contains a propaga-
decoherence play a role.
For a circular oscillator Equation 20
gives
where µ ε x = x| ε · µ |Φ (0) , with µ being the magnitude of the transition dipole moment (for both the x and y transitions), and ε x being the component of the electric vector in the direction of the |Φ (0) → |x transition dipole moment. Likewise, Equation 24 gives
where now µε x = x|ε·µ |Φ (0) , andε is the probe polarisation and can be parallel (ε·ε = 1) or perpendicular (ε ·ε ⊥ = 0) to the pump polarisation.
We can find the ground-state bleaching contribution to the absorption directly, as this is independent of any excited-state dynamics, using Equation 35:
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where θ and φ are evenly sampled from the unit sphere, and χ is an additional angle to sample over all vectors perpendicular to ε. Then we average the different absorption properties over all solid angles using
to obtain,
which, using the ground-state bleaching form of Equation 13 , gives an anisotropy of
In the following subsections we investigate the absorption from stimulated emission and resulting anisotropy for a circular oscillator with different types of environmental perturbations. These perturbations are decoherence; introduction of an energy gap; and both of these environmental effects together.
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An arbitrary 2 × 2 density matrix ρ can be made from a linear combination of Pauli matrices
where X, Y and Z are the Pauli matrices
Assuming that ρ is written in the eigenbasis, for some arbitrary propagator U (t) = e −iExt/ |x x|+ e −iEyt/ |y y| we have
where α x (0) = |α xy (0)| cos(ξ) and α y (0) = |α xy (0)| sin(ξ), so ξ is the phase of the coherence in the initial density matrix.
Dephasing is the process by which the magnitude of the off-diagonal elements (given by |α xy |) decays to 0; we will use γ to denote the rate of this process. We can use the 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 through a time t
These steps rely on the fact that [H, Z] = 0.
A similar argument can be made to form a population exchange superoperator. Population exchange has the effect of reducing the density matrix to I/2; this means that |α xy | and |α z | must decrease. The action of the population-exchange superoperator is thus
which reduces the density matrix to I/2 with a rate of 2Γ (this definition of the rate is chosen to match references 48 and 49). Decoherence acts as the combination of the above two processes and has the effect on the density matrix of
The superoperator L decoh is independent of the order of the dephasing and populationexchange processes.
We have now defined the action of decoherence on a 2 × 2 density matrix. However, the 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 circular oscillator is a three-level system in the basis of |Φ (0) , |x and |y , and we now define the Pauli matrices as
The density matrix at time t after the pulse is
where |v(t) is some complicated but computable state, spanning the space of |x and |y , which can become un-normalised through decoherence. The absorption does not depend on |v(t) so we do not describe it here, although we have however given all the details needed to calculate it. The constants above have the values of (1 − |c 0 | 2 ) = λµ(ε 
which with orientational averaging becomes
which using a slightly modified groundstate bleaching version of Equation 13 gives
and agrees exactly with Naqvi et al., 48 and only differs from Wynne et al. 49 due to our (and reference 48's) definition of population exchange. All three works agree that at very short time scale r SE = 0.7, in the medium time limit when γ −1 ≪ t ≪ Γ −1 then r SE = 0.4, and in the long time limit of r SE = 0.1. When the contribution from with A GSB is included, we
for the full anisotropy.
A.2 Perturbed Circular Without Decoherence
We consider a perturbed circular oscillator in which there is an energy difference between the two states |x and |y . Taking Equation 51 with e −γt = 1 and e −2Γt = 1 for all t, and then using Equation 36 gives
32 (using the fact that the energies are real values). Performing the same orientational averaging as above gives absorptions
and anisotropies
which all agree with reference 68.
A.3 Perturbed Circular Oscillator Undergoing Decoherence
Evaluating Equation 51 for the stimulated emission absorption now yields
and gives anisotropies
33
We are not aware of these equations having appeared in previous work.
B Absorbtion Ratios
The total absorption difference is given by ∆A = A GSB + A SE . We wish to investigate how the relative magnitudes of these two terms change with the number of states coupling to the radiation field. A state can be thought of as coupling to the field if δ k ≪ δ J , where J is the state with the strongest coupling. Let us now define a system where the coupling is binary and the value of any δ k is either 0 or δ. For the system described above this has the value A GSB = −MM δ 2δ2 , which in quadratic is the number of coupling states.
The stimulated emission signal A SE (t) is time dependent, and therefore must be time averaged. Let us define the long time average as
The function e ixt will later be shown to be important, we calculate its long time average as 
The stimulated emission absorption is given in Equation 29c as A SE (t) = − m kδ * k δ k e −iE k t/ 2 simplifying by using the notation ω k = E k / , and setting α k =δ * k δ k we obtain
which using Equation 63 gives
under the condition that no two states are degenerate. When the above expression is evaluated for our model system, the maximum value of A SE (t) T is bounded by either M δδ or M δδ depending on which is stricter.
We can also calculate the average variations in A SE (t) in the long time limit by evaluating the standard deviation σ[A SE (t)]
under the condition that there are no degeneracies in the gaps between energy levels. The value of σ[A SE (t)] for our model system is bounded by the smaller of M δδ andM δδ.
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